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This paper proposes an exact acquisition policy for solving the single-item multi-supplier problem with
real-world constraints. Compared with themodel of Rosenblatt et al. [Note. An acquisition policy for a single
itemmulti-supplier system,Manage. Sci. 44 (1998) S96–S100], the proposed method has contributions in that
the global optimal solutions can be obtained to indicate the best acquisition policy, and real-world constraints
can easily be added as appropriate for real-world situations. In addition, the beneﬁts of price-quantity dis-
count (PQD) under conditions of the single item muti-supplier system are also considered in the paper.
 2005 Elsevier Inc. All rights reserved.
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Firms generally turn to professional purchasing and inventory management to obtain the ben-
eﬁts from multi-supplier system, leading to its increasing importance in todays management is-
sues. Most of previous studies have dealt separately with the problems of vendors selection and
inventory management. However, in fact, these two problems are strongly interrelated [1].0307-904X/$ - see front matter  2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2005.03.003
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et al. according to the techniques applied: linear weighting techniques and analytical models.
Benton [2] derived a heuristic procedure for treating PQD decisions under the conditions of multi-
ple items, multiple suppliers and resource limitations. Subsequently, Rosenblatt et al. [1] proposed
a heuristic approach which combines both the vendors selection and inventory management into a
uniﬁed model. In their model, a ﬁrm can determine from which suppliers to buy, and what quan-
tity to buy periodically. However, there are still three obstacles in these models: (i) they can only
obtain local optimal solutions because a heuristic procedure is considered in these models; (ii) a
complicated heuristic procedure is still needed in these models, which may be too complex and
tedious in practice; and (iii) problems arise when real-world constraints are added in these models.
In order to overcome the above-mentioned problems, we propose an exact acquisition policy
using mixed integer optimization approaches. The proposed method not only uses a one-step solu-
tion process to obtain the global optimal values, but also allows real-world constraints to be
added by the inventory decision-maker (IDK) as deemed appropriate in real-world situations.
In addition, complex problems are simpliﬁed using the proposed model, which can easily be
solved using common linear programming packages. The beneﬁts of PQD are also considered
in the proposed model.2. Assumptions and deﬁnitions
Hax and Candea [3] indicate that unconstrained optimization of economic order quantity (EOQ)
is often an unrealistic assumption. This paper considers a single item EOQ model with real-world
constraints, where there areM suppliers, each with its own and a ﬁnite long-run average capacity.
This paper develop an exact acquisition model for this problem, such that shortages are not al-
lowed, real-world constraints are satisﬁed, and costs are minimized. The costs considered are
those of total periodic purchasing, ordering, holding, supplier management, and a variety of
PQD policies. We assume that the suppliers PQD policies, holding, ordering and supplier manage-
ment costs are quite diﬀerent for each supplier. All other assumptions of the EOQ model are
maintained. The proposed model is most appropriate for ﬁrms who face purchasing and inventory
management problems with a variety of PQD policies. Furthermore, real-world constraints, such
as maintaining a good relationship with suppliers, warehouse space limitation, and so on, can eas-
ily be added into the proposed models for suitable real-world situations.
The following notation is a slightmodiﬁcation from that used in themodel ofRosenblatt et al. [1].
bi the periodic capacity of supplier i
di the periodic total quantity ordered from supplier i (decision variable)
ci(di) the cost per item procured from supplier i with its own PQD policy. ci(di) can be repre-
sented as a decreasing step function of the size of the delivery lot
M the number of available suppliers (i = 1, 2, . . . ,M)
D the demand for the item per period,
P
di ¼ D
Fi the periodic supplier management cost incurred from supplier i
hi the periodic per unit holding cost associated with holding one unit from supplier i
Qi the order quantity of the item from supplier i (decision variable)
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yi a binary variable, set equal to 1 if supplier i is used and 0 otherwise (decision variable)
ai the lower bound of periodic quantity ordered from supplier i for maintaining a good rela-
tionship with supplier i. It will exceed the average purchased quantity of the item from
supplier i in the past year
di
Qi
the number of orders from supplier i
ddiQie the smallest integer greater than or equal to
di
Qi
(decision variable)
bdiQic the largest integer less than or equal to
di
Qi
(decision variable)
Before formulating the problem, we address some matters for future demonstration of the pro-
posed model.
(i) Gupta and Kini [4] indicate that there are four types of PQD: all-unit discount (AUD), incre-
mental discount, volume discount over a period of time, and discount on the invoice-value. As in
most previous works [2,4], the AUD problem is considered in this paper. In AUD, all units pur-
chased are oﬀered at a reduced price, if the quantity purchased exceeds a speciﬁed limit predeﬁned
by the supplier. That is, the form of the AUD problem is given at Fig. 1. Form Fig. 1, we can see
that a number of price breaks B1, B2, . . . , Bn are given, such that if the purchased quantity di is
within discount level j, Bj1 < di 6 Bj, then the unit price for each of the di units is Pj, where
Pj < Pj1, j = 1, 2, . . . , n. Thus, AUD can then be expressed as Pjdi if Bj1 < di 6 Bj. Beyond
the upper bound of Bn, n is number of AUD price breaks; however, the price stays at its minimum
PL, which is the lowest price the supplier would charge, no matter how large the order quantity is.
(ii) The standard EOQ periodic average holding cost, hiQi/2, is multiplied by di/D, which is the
holding proportion of time in a period from supplier i. Thus, we have the periodic holding cost,
hiQidi/(2D), from supplier i.
(iii) The reasons why many inventory models focus on a cyclic schedule are as follows [1,5]. (1)
Repeating cyclic schedules are desirable in practice and easier to work with and to understand. (2)
It has a very limited eﬀect on the deviation from the optimal solution. In most inventory models,
the number of orders is usually expressed as di /Qi and in order to implement a cyclic schedule,
one has to select a number of orders per cycle. However, a given combination of di and Qi
may not be executable because the number of orders placed with a supplier per cycle is not an inte-
ger. In order to solve the problem and minimize the deviation in the objective value, Rosenblatt
et al. [1] proposed a rounding method that the geometrically closest integer is considered as:
di = bdic if di 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃbdicddiep , di = ddie otherwise. However, the method only considers one1B 2B 3B 4B …………….. nB Quantity ordered id
Fig. 1. n-order AUD model.
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To further improve the method, we propose a new method for auto-rounding diQi into either b
di
Qi
c or
ddiQie. Which can reach the globally optimal solutions when all related costs in (1) with its con-
straints (2)–(5) are considered in the proposed model. We denote this auto-rounding method as
ðddiQie; b
di
Qi
cÞ.
(iv) According to PQD, buyers are encouraged to purchase large orders in order to reduce costs.
In contrast, with adoption of JIT, buyers are encouraged to purchase items in small lots to syn-
chronize production with deliveries. Thus, buyers have diﬃculty obtaining the beneﬁts of PQD
and also considering JIT. To overcome this problem, one idea in the literature is: we can make
a long-term blanket order with large size di over a certain period, wherein smaller deliveries Qi
could give us large buying leverage with PQD, and their scheduled releases could accord with
JIT practices [4].3. The formulation model
According to the assumptions and deﬁnitions mentioned in Section 2, the total average cost per
period can be expressed as follows:TC ¼ purchasing costþ ordering costþ holding costþmanagement cost
Min TC ¼
XM
i¼1
ciðdiÞdiyi þ si
di
Qi
 
;
di
Qi
 	 

yi þ hiQidiyi=2Dþ F iyi
 
ð1Þ
S:t:
XM
i¼1
di ¼ D; ð2Þ
0 6 Qi 6 di 6 biyi 8i; ð3Þ
ai 6 di 8i; ð4Þ
Resource constraintsðe:g:; warehouse space; budget limitations and so onÞ; ð5Þ
yi 2 f0; 1g 8i;where the periodic purchasing costs, ci(di)di, is made from supplier i if yi = 1, 0 otherwise; the peri-
odic ordering costs, siðddiQie; b
di
Qi
cÞ, is made from supplier i if yi = 1, 0 otherwise; the periodic holding
costs, hiQidi/2D, is made from supplier i if yi = 1, 0 otherwise; the period supplier management
cost = Fi is made from supplier i if yi = 1, 0 otherwise. (2) ensures that purchased quantity from
all supplies are equal to the demand for the item. (3) guarantees that the order quantity of an item
from supplier i is less than the total purchasing quantity from supplier i, which can not exceeds the
periodic capacity of supplier i. (4) ensures a lower bound of purchased quantity ai, from each sup-
plier, to maintain a good relationship with the supplier. (5) IDKs can add appropriate resource
constraints to their model according to the real-world situations.4. Preliminaries
A major diﬃculty in solving (1) with its constraints (2)–(5) is that it is a constrained non-linear
integer problem. In order to solve this problem and obtain global optimal solutions, all non-linear
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di
Qi
cÞyi, hiQidiyi/2D, Fiyi) appearing in (1) will be reformulated as 0–1
linear terms in order. The following linearization approaches are used to formulate the AUD
problem. For simplicity but without loss of generality, a four-order AUD problem, ci(di), is given
as a subset of n-order AUD shown in Fig. 1.
The solid line in Fig. 1 represents the cost of total ordered, Pjdi, within discount level j,
Bj1 < di 6 Bj. The behavior of the four-order AUD can be implemented using the following
program.
Program W1Table
The b
a1
0
0
1
1Min ciðdiÞ ¼ P 1dia1a2 þ P 2dia1ð1 a2Þ þ P 3dið1 a1Þa2 þ P 4dið1 a1Þð1 a2Þ
S:t: a1a2B1 6 di 6 B2 þ ð1 a1ÞM þ ð1 a2ÞM ; ð6Þ
a1ð1 a2ÞB2 6 di 6 B3 þ ð1 a1ÞM þ a2M ; ð7Þ
½ð1 a1Þa2B3 6 di 6 B4 þ a1M þ ð1 a2ÞM ; ð8Þ
ð1 a1Þð1 a2ÞB4 6 di 6 M ; ð9Þwhere a1, a2 are 0–1 variables, M is a big-value, Bi is a discount level.
The behavior of W1 is listed in Table 1.
From Table 1, we realize that the behavior ofW1 is equivalent to the four-order AUD problem
in the sense that both problems have the same optimal solution. In addition, this idea can easily be
applied to any AUD with the order higher than four. It is interesting to note that for appropriate
bounding the AUD with n order, the number of m = dlog2ne 0–1 variables are required. A gen-
eralized AUD model with decreasing step function c(di) can be formulated as follows.
Program AUDMin cðdiÞ ¼
X
i
cðdiÞ
Yn
j¼1
ðsjðBÞð1 2wjÞ þ wjÞ
S:t:
Yn
j¼1
ðsjðBÞð1 2wjÞ þ wjÞLi 6 di 6 Ui þ
Xn
j¼1
ðð1 sjðBÞÞð1 2wjÞ þ wjÞM 8n; i;
wj 2 f0; 1g;
where sj(B) is represented as a function of binary serial numbers; M is a big value; Li and Ui are
the minimum and maximum quantities of c(di).
Substituting
PM
i¼1ciðdiÞdiyi in (1) using W1, we can see that there are many polynomial mixed
integer (PMI) terms as a1a2diyi appearing in (1). For reaching global optimal solution of the1
ehavior of W1
a2 ci(di) Constraints attributed
0 P4di Bounded by (8), (5)–(7) are satisﬁed
1 P3di Bounded by (7), (5)–(6) and (8) are satisﬁed
0 P2di Bounded by (6), (5) and (7)–(8) are satisﬁed
1 P1di Bounded by (5), (6)–(8) are satisﬁed
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linear programs can be solved using branch and bound method. To achieve this goal, a lineariza-
tion strategy proposed by Chang [6] is used as m = a1a2di yi and satisfy the following inequalities
constraints: (i) m P M(a1 + a2 + yi  3) + di; (ii) m P Ma1; (iii) m P Ma2; (iv) m P Myi,
where M is a big value, m is a continuous variable, a1, a2, and yi are binary variables. This line-
arization strategy can be checked as follows:
(a) If a1, a2, or yi = 0 then m P cM + di (where c = 1, 2, or 3) from (i), m P 0 from (ii), (iii) or
(iv). This forces m = 0 in the minimization program.
(b) If a1 = a2 = yi = 1 then m P di from (i), m P M from (ii), (iii), or (iv). This forces m = di in
the minimization program.
Which is obviously the same as
Pm
i¼1ciðQiÞdiyi ¼ W 1.
The following program can linearize the ordering cost term, siðddiQie; b
di
Qi
cÞyi, in (1).
Program W2Min sixiyi
S:t: xiQi ¼ di; ð10Þ
xi ¼ u0 þ 2u1 þ 22u2 þ    þ 2nun; ð11Þ
Qi ¼ v0 þ 2v1 þ 22v2 þ    þ 2nvn; ð12Þwhere xi and Qi are integer variables, ui, vi, and yi (i = 1, 2, . . . , n) are 0–1 variables.
The quadratic mixed integer (QMI) term in (10) can be represented as xi (v0 + 2v1 + 4v2 +   )
where xi is an integer variable and vi(i = 1, 2, . . . , n) are 0–1 variables which can easily be linear-
ized, by refereeing to Chang [6]. Without loss of generality, take ﬁrst QMI term xiv0 for instance to
show the linearization strategy. The term xiv0 can be linearized by the following inequalities con-
straints: (i) (v0  1)M + xi 6 z 6 xi (ii) 0 6 z 6 v0M whereM is a big value, z is a continuous vari-
able, and v0 is a binary variable, and xi is an integer variable. This linearization strategy can be
checked as follows.
(1) If v0 = 0 then M + xi 6 z 6 xi from (i), 0 6 z 6 0 from (ii). This forces z = 0.
(2) If v0 = 1 then xi 6 z 6 xi from (i), 0 6 z 6M from (ii). This forces z = xi. It can be observed
that inequalities constraints (i) and (ii) can ensure xi ¼ diQi ¼ ðd
di
Qi
e; bdiQicÞ from (10). This
implied that sixiyi = 0 if yi = 0, sixiyi ¼ siðddiQie; b
di
Qi
cÞ otherwise.
The holding cost term, hiQidiyi is linearized, where Qi is an integer. This can be represented as a
series of 0–1 variables: Qi = v0 + 2v1 + 2
2v2 +    + 2nvn, where vi are 0–1 variables. The holding
cost term then becomes a cubic mixed integer program, such as hi(v0 + 2v1 + 2
2v2 +    + 2nvn)diyi,
where hi is a constant, yi is a 0–1 variable, and di is a continuous variable. Similarly, the same lin-
earization strategy used previously can also be applied to this cubic mixed integer program. From
the basis of the above-mentioned programs, the proposed model can then be represented as
follows.
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Param
Suppl
Suppl
Suppl
Suppl
DemaMin
XM
i¼1
X
i
cðdiÞ
Ym
j¼1
ðsjðBÞð1 2wjÞ þ wjÞdiyi
 !
þ sixiyi þ hiQidiyi=2Dþ F iyi
" #
S:t: Constraints (2)–(5):5. Illustrative examples
5.1. Example 1
A single item multi-supplier system with real-world constraints and PQD is considered. Param-
eters and constraints of suppliers are shown in Table 2.
This problem can be formulated as the proposed model. Linearization strategies are also used
to linearize all mixed integer terms appearing in the formulated model. After these linearization
processes, the problem becomes a linear mixed 0–1 program, which can be solved by a branch
and bound approach. A commercial linear programming solver LINGO [7] is used for solving this
problem to obtain the optimal solution as (Q1, Q2, Q3, d1, d2, d3) = (151, 113, 110, 151, 339, 110)
and the objective value = 1412.62. In fact, this is a global optimal solution.
5.2. Example 2
A constrained multi-supplier system with PQD under resource constraints such as the number
of orders and available storage space are considered as2
eters for Example 1
ier Discount
schedule
Costs ci(Qi) Fixed
ordering cost si
Holding
cost hi
Lower
bound quantity
order ai
Periodic
capacity bi
Period
management
cost Fi
ier (1) 1–149 units 2.5 2.0 2.1 100 260 20
150–199 units 2.0
200–500 units 1.75
501+ units 1.5
ier (2) 1–99 units 2.4 1.8 2.0 110 350 12
100–199 units 2.0
200–400 units 1.7
401+ units 1.5
ier (3) 1–99 units 2.7 1.7 1.9 110 330 15
100–299 units 2.3
300–499 units 1.9
500+ units 1.7
nd 600
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ss = required storage space per unit quantity of Qi,
ms = limit on the maximum storage space available.
We can reformulate this problem as the following program:Min (1)
S:t: (2)--(4)Xm
i¼1
xi 6 no ðlimit on the number of ordersÞ;
Xm
i¼1
ðQi  ssÞ 6 ms ðlimit on the maximum storage space availableÞ; ð13Þ
yi 2 f0; 1g;
where xi is the number of orders from supplier i; Qi is the order quantity of the item from supplier
i.
In order to illustrate this example, the following data: no = 4, ss = 1.2, and ms = 525 are
considered in Example 2 and resolved by LINGO [7] to obtain the solutions:
(x1, x2, x3, Q1, Q2, Q3, d1, d2, d3) = (1, 2, 1, 158, 166, 110, 158, 332, 110), (x1 + x2 + x3) = 4 6 4
(no), (Q1 + Q2 + Q3) * 1.2 = 520.8 6 525 (ms), and the objective value = 1442.639. In fact, this
is the optimal solution of this example. This example cannot be solved using Rosenblatt et al.s
algorithm.
From Example 1, we realize that a single item multi-supplier system with PAD under simple
constraints can be solved using the proposed model. From Example 2 we can see that more
real-world constraints should also be considered when demonstrating the usefulness of the pro-
posed model.6. Conclusion
In this paper, a single item multi-supplier system with PQD and real-world constraints is con-
sidered. This problem has increasing importance in many ﬁrms. However, in the literature this
complex problem has not yet been solved using exact algorithm. This paper proposes a series
of linearizations strategy which not only can obtain the global optimal values in which only a sin-
gle step solution process is needed, but it also can be easily implemented with a computer program
for IDKs to determine the best acquisition policy obtaining the beneﬁts from suppliers PQD pol-
icies to reduce their inventory costs. In addition, the proposed method, which is appropriate in
real-world situations can easily resolve resource limitations.Acknowledgment
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